To date, the most accurate value of the combination 2+2γ−β 3
Introduction
In the slow-motion and weak-field approximation, known as post-Newtonian limit, the structure of all metric theories of gravity is identical apart from the numerical values of the PPN parameters which appear in the expansion of the metric coefficients [Will, 1993; Ciufolini and Wheeler, 1995; ]. Among them the parameters γ and β are the usual EddingtonRobertson-Schiff parameters used to describe the "classical" tests of General Relativity. γ measures how much space curvature is produced by unit rest mass and β accounts for the level of nonlinearity in the superposition law for gravity [Misner et al., 1973] : General Relativity predicts γ = β = 1.
A very accurate measurement of γ was conducted by using the Viking time delay [Reasenberg et al., 1979] : the results was γ = 1.000 ± 2 · 10 −3 . The quoted uncertainty allows for possible systematic errors. A more recent measurement based on the time delay of the NEAR spacecraft [Elliott et al., 1998 ] claims an uncertainty ≤ 10 −3 . Other recent measurements exploit the gravitational bending of the electromagnetic waves at various wavelength [Robertson and Carter, 1984; Robertson et al., 1991; Froeschlé et al., 1997] obtaining an uncertainty of the order of 10 −3 . E. g., in [Froeschlé et al., 1997] it is quoted γ = 0.997±3·10 −3 based on the astrometric observations of the electromagnetic waves deflection in the visible. An improvement in the accuracy of two orders of magnitude is expected from the future GAIA astrometric mission [Froeschlé et al., 1997] . Lunar laser ranging (LLR) measurements of the geodetic precession yields for γ an accuracy of 10 −2 [Williams et al., 1996] . However a careful discussion of the different terms in the lunar motion yields eventually γ = 1.000 ± 5 · 10 −3 as the present LLR result [Froeschlé et al., 1997] .
The value of the parameter β can be obtained from the measured values of γ and of some combinations of γ and β: the most accurately determined are η = 4β − γ − 3 and
. There exists also other combinations sensitive to features of Moon and Mars motions, but neither the accuracy of the performed or future experiments is so high as for η and 2+2γ−β 3
Nordvedt effect [Nordvedt, 1968a; 1968b; 1968c; . Some attempts to measure it by analyzing the motion of the Moon via LLR data analysis are quoted in [Shapiro et al., 1976; Williams et al., 1996] . By using the results for the weak equivalence principle the authors in [Williams et al., 1996] quote η = −0.0043 ± 5.1 · 10 −3 .
The combination 2+2γ−β 3 is sensitive to the well known pericenter shift of a test body induced by the Schwarzschild' s gravitoelectric part of the metric for a static, spherically symmetric distribution of mass-energy [Misner et al., 1973; Ciufolini and Wheeler, 1995] . This effect has been accurately measured for the Mercury perihelion shift in the field of the Sun by means of the echo delays of radar signals transmitted from Earth to Mercury [Shapiro et al., 1972] yielding 2+2γ−β 3 = 1.005 ± 7 · 10 −3 . Inclusion of the probable contribution of systematic errors raises the uncertainty to about 2· 10 −2 . More recent estimates [Shapiro, 1990] yield an accuracy level < 10 −3 . In [Ciufolini and Matzner, 1992] could be performed in the future by means of ESA Mercury orbiter [Grard et al., 1994; ESA, 1995; ] . In ] it is claimed that by detecting the relativistic perigee rate of the proposed LARES laser ranged satellite it should be possible to reach a 3 · 10 −4 level of accuracy over a time span of 10 years. Unfortunately, at present we do not know if the LARES mission will be ever implemented.
In this paper we explore the possibility of measuring 2+2γ−β 3 very accurately by using some suitable combinations of the orbital residuals of the presently existing spherical geodetic laser ranged satellites with particular emphasis to LAGEOS and LAGEOS II in order to exploit the relevant experience obtained with the gravitomagnetic experiment [Ciufolini et al.,, 1996; ]. So, by combining the accurate measurements of the Nordvedt parameter η and of 2+2γ−β 3 from SLR it would be possible to obtain independent and precise values for γ and β.
The paper is organized as follows: in Sec.1 we compare the present experimental accuracy in satellite laser-ranging measurements to the relativistic expressions of the perigee shift of the two LAGEOSs. In Sec. 2 we analyze some of the most important sources of systematic errors:
the even zonal harmonics of the static part of the geopotential, the Earth solid and ocean tidal perturbations, the direct solar radiation pressure and the mismodeling of the inclination. In
Sec. 3 we simulate the combined residuals in order to estimate the experimental error in the recovery of the relativistic trend over different time spans T obs and arc lengths ∆t. Sec. 4 is devoted to the conclusions.
The relativistic perigee precession of LAGEOS type satellites
In the slow-motion and weak-field approximation, the Schwarzschild metric generated by a static, spherically symmetric distribution of mass-energy induces an additional central "gravitoelectric" force which acts on the orbit of a test body shifting its pericenter by a fixed amount per orbit. In the PPN formalism the pericenter rate can be written as [Rubincam, 1977] :
in which G is the gravitational constant, c is the speed of light in vacuo, M is the mass of the central object, a and e are the semimajor axis and the eccentricity, respectively, of the orbit of the test body and n = GM/a 3 is its mean motion. In the following we will define
. General Relativity forecasts ν = 1 so that for LAGEOS and LAGEOS II it yields 3312.35 milliarcseconds per year (mas/y in the following) and 3387.46 mas/y, respectively.
Following the reasoning outlined in it is possible to show preliminarily that the actual experimental sensitivity allows for detecting such rates for both LAGEOSs. Indeed, for the perigee the observable quantity is r = eaω. At present the error in it for the two LAGEOS, over various orbits and for a given set of force models, amounts to about δr exp ≤ 1 cm or better. Since the LAGEOS eccentricity is e L1 = 4.5 · 10 −3 the accuracy in detecting the perigee is δω L1 exp = δr exp /ea ≃ 37.3 mas. Over 1 year the relative accuracy of the measurement of the relativistic perigee shift is 1.1 · 10 −2 . For LAGEOS II the accuracy is better since its eccentricity is e L2 = 1.4 · 10 −2 so that δω L2 exp ≃ 12.1 mas. This yields an accuracy over 1 year of 3 · 10 −3 . These considerations rule out the possibility of using directly the perigee of the other existing spherical geodetic laser-ranged satellites Etalon-1, Etalon-2, Ajisai, Stella, Westpac-1 because their eccentricities are even smaller than that of LAGEOS. On the contrary, Starlette has an eccentricity of the order of 2 · 10 −2 . However, since it orbits at lower altitude it is more sensitive to the atmospheric drag than the LAGEOSs so that it could be difficult to process its data at an acceptable level of accuracy. So we will focus on the perigee of LAGEOS and especially of LAGEOS II in order to detect accurately the gravitoelectric relativistic shift in the gravitational field of the Earth.
The systematic errors
The most important source of systematic error in such an experiment is represented by the mismodeling induced by the even zonal harmonics of the static part of the terrestrial gravitational field on the classical perigee precession. By using the covariance matrix of the EGM96 Earth gravity model [Lemoine et al., 1998 ] and adding the correlated terms in a root-sum-square fashion up to degree l = 20 we obtain for LAGEOS a systematic error δν/ν zonals = 8.1 · 10 −3 , whereas for LAGEOS II we have δν/ν zonals = 1.5 · 10 −2 .
Since the major source of uncertainty lies in the first two even zonal harmonics δJ 2 and δJ 4 , following for the Lense-Thirring LAGEOS experiment, we will looking for suitable combinations of orbital residuals of the existing SLR satellites in order to cancel out the first static and dynamical even zonal terms of the geopotential. In Tab.1 we report the most promising combinations: they are of the form:
in which N is the number of the nodes of different SLR satellites employed, GR is the slope, in mas/y, of the relativistic trend to be measured and δν/ν zonals is the systematic error induced by the even zonal harmonics up to degree l = 20 calculated with EGM96 covariance matrix.
Apart from LAGEOS and LAGEOS II, we have considered only Ajisai because it is well tracked, contrary to, e.g., the Etalons, and it would be less demanding than for the other satellites to reduce its laser ranged data to a level of accuracy close to that of LAGEOS and LAGEOS II. Moreover, the other SLR satellites orbit at lower altitudes so that they are more sensitive to the higher degree terms of the geopotential. Consequently, their inclusion in the combined residuals would increase δν/ν zonals , as confirmed by numerical calculations.
Note that the systematic error induced by the mismodeled secular rates of the even zonal harmonics of the geopotential is really important because it must be viewed as a lower bound of the total error in the experiment. Indeed, the resulting aliasing trend cannot be removed from the data and one cannot do anything apart from assessing as more reliably as possible the related error.
It is important to point out that the values quoted in Tab.1 for δν/ν zonals will reduce in the near future when the data from the CHAMP mission will be released: indeed, it is claimed an improvement in the accuracy of the knowledge of the terrestrial field of about 2 orders of magnitude.
Concerning the evaluation of the impact of other sources of systematic errors we will consider in detail only the combination 1 so to exploit the background acquired with the Lense-Thirring LAGEOS experiment [Ciufolini et al., 1996; ]. Moreover, the inclusion of the perigee of LAGEOS could raise the experimental error and reducing the Ajisai' s data to the level of accuracy of LAGEOS and LAGEOS II would be neither a trivial nor immediate task to be performed.
Tides and odd zonal harmonics of the geopotential
In Fig.1 we show a preliminary estimate of the impact of the most effective harmonic orbital perturbations on the considered combination:
The harmonic, long-period perturbations, according to their periods P and to the adopted observational time span T obs , may turn out to be less insidious than the mismodeled linear perturbations due to the zonal harmonics of the geopotential since, if P < T obs and T obs = nP, n = 1, 2, ... they average out. However, if their periods are shorter than the time span they can be viewed as empirically fitted quantities which can be subsequently removed from the signal. In a very conservative way, we have tried to assess their impact by comparing the average over diffent time spans of the entire set of the harmonic perturbations to the general relativistic shift over the same observational periods. perturbations. Subsequently, at fixed T obs , we have performed 5000 runs by varying the initial phases and for each of such runs we have calculated < δΩ L1 > T , < δΩ L2 > T and < δω L2 > T in mas; then we have inserted them in eq. (3) and we have taken the ratios of the so obtained averages of the long-periodic systematic errors to the general relativistic shift for the given time span. We have so obtained a vector of 5000 figures, for any given T obs , depending from the initial phases. Such values turn out to be normally distributed, so that we have chosen their standard deviation to represent δν/ν harmonics for the various T obs chosen. Note that over 5 years we have δν/ν harmonics = 1.4 · 10 −3 while over 8 years we have δν/ν harmonics = 6.7 · 10 −4 .
Errors in the inclination
As in the case of the Lense-Thirring experiment [Ciufolini et al., 1996; , the examined combined residuals are affected not only by the errors in the higher degree even zonal harmonics of the geopotential but also by the error in the knowledge of the inclination of the satellites: 
Numerical simulations
In order to get an insight into the least-squares formal error we have simulated the combined residuals and subsequently we have fitted it with a straight line only, as done in the case of the gravitomagnetic experiment [Pavlis and Iorio, 2001; . We have constructed the simulated data by including in them a linear trend with a slope of 3387.46 mas/y, as predicted by General Relativity, the most relevant tidal and radiative perturbations and an uniformly distributed noise. The amplitude of the noise has been chosen so to account for the systematic error due to the even zonal harmonics of degree l ≥ 6 . Then by varying the time span T obs and the arc length ∆t we have fitted the simulated data with a straight line without including in the least-square procedure any periodical perturbations. More precisely, for given T obs and ∆t, we have performed 100 runs by varying the initial phases of the harmonics and the path of the noise. Subsequently, we have taken the averaged values for ν and δν/ν. 
Discussion and conclusions
In Tab.2 and Tab.3 we summarize the results obtained for two possible scenarios. The total error has been obtained by adding in a root-sum-square fashion the various errors The results obtained for the combination examined here together with those released in [Williams et al., 1996] for the combination η would allow to measure β = obtained from the LLR data [Williams et al., 1996] and δβ = 3 · 10 −3 using the planetary range data [Shapiro, 1990] .
It is important to emphasize that in the near future the data from CHAMP and GRACE missions will yield a notable reduction of the systematic error due to the higher degree even zonal harmonics of the geopotential and the solid and ocean tides. In particular, it will be very important the reduction of the systematic error of the static part of the geopotential which has turned out to be the most important source of uncertainty.
Moreover, it should be noted that this considerations extend to the other combinations of orbital residuals as well. So, it would not be unrealistic to emphasize that SLR technique will provide us different observables capable to detect the general relativistic pericenter shift, in the terrestrial gravitational field, to the 10 −4 − 10 −5 level of accuracy in the next years.
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